-INTRODUCTION
The computation of electromagnetic f i e l d s i s important f o r many s c i e n t i f i c and i n d u s t r i a l a p p l i c a t i o n s . Most of these a p p l i c a t i o n s r e s u l t i n computational problems t h a t a r e unique to t h i s d i s c i p l i n e . One of the major problems i s t h a t r e s u l t s must be extremely a c c u r a t e i f they a r e to be of any p r a c t i c a l use. T h i s requirement would be impossible t o s a t i s f y i f the m a t e r i a l s used i n the construct i o n of electromagnetic devices were l e s s easy to model.
Commonly used m a t e r i a l s a r e e a s i l y measured and c h a r a c t e r i s e d , and t h e i r p r o p e r t i e s a r e reasonably constant. However, t h e r e a r e exceptions, f o r example permanent magnet m a t e r i a l s such as Alnico. There a r e many o t h e r s p e c i f i c problems, f o r example the unbounded nature of t h e f i e l d , t h e geometrical complexity of t h e devices and s k i n e f f e c t s i n eddy c u r r e n t s o l u t i o n s . This paper reviews the progress i n electromagnetic f i e l d computation, paying p a r t i c u l a r a t t e n t i o n t o work reported a t t h e June 1983 COMPUMAG conference. Current research is dominated by the a p p l i c a t i o n of f i n i t e elements to the s o l u t i o n of p a r t i a l d i f f e r e n t i a l equations, the reasons f o r favouring t h i s approach a r e examined. The c a l c u l a t i o n of forces produced by electromagnetic f i e l d s is o f t e n subject t o l a r g e e r r o r s , t h e techniques used f o r f o r c e c a l c u l a t i o n s a r e compared and the cause of the e r r o r s i s i d e n t i f i e d .
-ACCURACY
I n many a p p l i c a t i o n s of electromagnetic devices the f i e l d s must be computed to an accuracy of the order of 1 p a r t i n 1000 o r b e t t e r . This can only be achieved when t h e m a t e r i a l s involved a r e s t a b l e and t h e i r p r o p e r t i e s can be e a s i l y measured. Even t h e n , guaranteeing t h e r e s u l t s to t h i s accuracy i s extremely expensive and f o r t r u l y t h r e e dimensional f i e l d s may be impossible. Problems t h a t involve l i n e a r magnetic m a t e r i a l s can be solved t o very high p r e c i s i o n i n two dimensions using boundary i n t e g r a l methods/l/.
A simple problem has been solved with constant permeability i n order to show r a t e s of convergence of the s o l u t i o n f o r d i f f e r e n t methods. Although r e l a t i v e l y simple the problem shown i n Figure 1 does provide a non-trivial t e s t . One q u a r t e r of a 'H' frame magnet with a sloping pole was solved Article published online by EDP Sciences and available at http://dx.doi.org/10.1051/jphyscol:19841174
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JOURNAL DE PHYSIQUE using a s c a l a r p o t e n t i a l boundary i n t e g r a l method and a vector p o t e n t i a l , p a r t i a l d i f f e r e n t i a l equation, f i n i t e element method. The problem was assumed i n f i n i t e l y long out of the plane, with an i r o n r e l a t i v e permeability of 1000. A very l a r g e (500 degrees of freedom) boundary i n t e g r a l s o l u t i o n was used t o o b t a i n t h e ' c o r r e c t ' r e s u l t . Figure 2 shows the f l u x d i s t r i b u t i o n i n the problem and from t h i s f i g u r e t h e boundary c o n d i t i o n s should be obvious. Figures 3a and 3b show t h e convergence of the i n t e g r a t e d f l u x across the a i r gap f o r the two s o l u t i o n methods and a l s o show t h e time required f o r the s o l u t i o n s . This problem was s e l e c t e d because the r a p i d l y varying f i e l d gives a more r e a l i s t i c t e s t of the f i n i t e element method, accuracy is much e a s i e r t o obtain i f the f i e l d i s constant. I n both methods q u a d r a t i c v a r i a t i o n of the p o t e n t i a l was used i n each d i s c r e t e element. The p a r t i a l d i f f e r e n t i a l equation s o l u t i o n employed smoothing on the f i e l d s o l u t i o n , d i r e c t d i f f e r e n t i a t i o n of the element shape functions g i v e s much l a r g e r e r r o r s . The r e s u l t s c l e a r l y show t h a t f o r t h i s problem the boundary i n t e g r a l method is by f a r t h e b e s t . However, t h i s cannot be used f o r non-linear problems except by i n t r o d u c i n g area d i s c r e t i s a t i o n , whereas rhe p a r t i a l d i f f e r e n t i a l equation method can be used f o r non-linear s o l u t i o n s and w i l l g i v e s i m i l a r p r e c i s i o n . The f i g u r e s do not t e l l the whole s t o r y , the increase i n accuracy from 0.08% t o 0.02% with p a r t i a l d i f f e r e n t i a l equatioh s o l u t i o n was obtained by only increasing t h e d i s c r e t i s a t i o n within the a p e r t u r e of the magnet. This strong c o r r e l a t i o n between accuracy and $rely l o c a l subdivision i s one of the s i r e n g t h s . o f t h e method, it i s not a property of the i n t e g r a l method except i n areas close to the d i s c r e t i s e d Results f o r t h e H frame magnet. a ) from a boundary i n t e g r a l s o l u t i o n b) f r a n a p a r t i a l d i f f e r e n t i a l equation s o l u t i o n
Cost Comparison
The r e s u l t s p l o t t e d i n Figure 3 were obtained by programs t h a t give n e a r l y optimal performance f o r t h e types of method they use. Table 2 shows how t h e o p e r a t i o n count v a r i e s a s a function of accuracy f o r boundary i n t e g r a l , volume i n t e g r a l and p a r t i a l d i f f e r e n t i a l equation methods i n 2D s o l u t i o n s . Accuracy i s assumed t o depend on the element s i d e length r a i s e d to a power t h a t is independent of the method. Table 3 shows t h e same comparison f o r 3D s o l u t i o n s . Table 2 A comparison of' operation counts f o r d i f f e r e n t s o l u t i o n methods i n 2D problems Boundary Volume P a r t i a l i n t e g r a l i n t e g r a l D i f f e r e n t i a l accuracy a na d i s c r e t i s a t i o n Q n matrix evaluation a n2 equation s o l u t i o n a n 3 f i e l d recovery n JOURNAL DE PHYSIQUE Table 3 A comparison of operation counts f o r d i f f e r e n t s o l u t i o n methods i n 3D problems Boundary Volume P a r t i a l i n t e g r a l i n t e g r a l D i f f e r e n t i a l a accuracy a n d i s c r e t i s a t i o n a n2 m a t r i x evaluation a n4 equation s o l u t i o n a n6 f i e l d recovery a n2
The most obvious conclusion from these t a b l e s i s t h a t i n the l i m i t of very l a r g e d i s c r e t i s a t i o n s all methods a r e dominated by equation solution. The next conclusion is t h a t f o r s o l u t i o n s i n t h r e e dimensions p a r t i a l d i f f e r e n t i a l methods must become more e f f e c t i v e than the other approaches; a g a i n , i n the l i m i t of l a r g e d i s c r e t i s a t i o n s when the c o n s t a n t s i n the p r o p o r t i o n a l i t y r e l a t i o n s h i p s become i n s i g n i f i c a n t . It is only i n two dimensions t h a t boundary i n t e g r a l methods a r e p a r t i c u l a r l y a t t r a c t i v e , Figure 3 demonstrates t h i s q u i t e e f f e c t i v e l y .
I n s o l v i n g p r a c t i c a l problems on e x i s t i n g computing hardware the constants i n the proport i o n a l i t y r e l a t i o n s h i p s become important. Experience with e x i s t i n g programs i n t h r e e dimensions shows t h a t once the number of unknowns r i s e s above 1000 f o r i n t e g r a l methods, t h e p a r t i a l d i f f e r e n t i a l methods a r e b e t t e r . Accuracies of t h e o r d e r of .2% can be achieved with t h i s l e v e l of d i s c r e t i s a t i o n .
Linear Algebra
I n deriving the operation counts f o r Tables 2 and 3 i t was assumed t h a t d i r e c t equation s o l u t i o n methods were used f o r i n t e g r a l methods (Gaussian elimination) and t h a t the most e f f e c t i v e methods a v a i l a b l e were used f o r the p a r t i a l d i f f e r e n t i a l methods.
I n t h e l a t t e r , t h e r e have been s i g n i f i c a n t developments i n the l a s t 5 years and i t is only as a r e s u l t of these t h a t the p a r t i a l d i f f e r e n t i a l methods have been s o successful. The majority of new, l a r g e , f i n i t e element programs now use preconditioned con jugate g r a d i e n t methods/2,3/.
The computer s t o r a g e required by these methods i n c r e a s e s l i n e a r l y with the number of unknowns and i s independent of ordering of the unknowns. S i m i l a r l y the s o l u t i o n times a r e almost independent of t h e ordering of t h e unknowns, t h i s is t o be contrasted with o t h e r sparse matrix methods where the bandwidth o r p r o f i l e of the matrix was very important e s p e c i a l l y f o r problems i n t h r e e dimensions. Table 4 g i v e s an i n d i c a t i o n of t h e s o l u t i o n times required using an incomplete cholesky conjugate g r a d i e n t method f o r a f i n i t e element s o l u t i o n of Laplace's equation i n t h r e e dimensions. Table 4 S o l u t i o n times f o r incomplete cholesky conjugate gradient methods.
An IBM 3081D was used f o r these c a l c u l a t i o n s .
Number of Solution unknowns time (seconds)
The Rutherford Appleton Laboratory implementations of these methods do not use any d i s k backing s t o r e , the s o l u t i o n of a 25000 unknown s e t of equations f o r the Laplacian problem r e q u i r e s 5MB of v i r t u a l storage.
3D Solutions
I n order to show the convergence of s o l u t i o n s to t h r e e dimensional problems an axisymmetric model with the cross-section as shown i n Figure 1 was solved using a 2D a x i s y m e t r i c model and a f u l l 3 D model i n which one octant of the geometry was d i s c r e t i s e d . Figure 4 shows a computer generated display of the model with hidden l i n e s removed. Figure 5 shows the convergence of the integrated f i e l d as a f u n c t i o n of d i s c r e t i s a t i o n . Moving from Figure 3 t o Figure 5 using Tables 2 and 3 i t would seem reasonable t o expect t o r e q u i r e 600000 degrees of freedom t o give 0.2% accuracy. Figure 5 shows t h a t only 24000 unknowns were r e q u i r e d , t h i s was achieved by using high order small elements i n the region of i n t e r e s t and low o r d e r elements i n the outer areas. These r e s u l t s were obtained using the TOSCA I n t e g r a l methods can be formulated such t h a t the f i e l d decays c o r r e c t l y t o i n f i n i t y . I n solving p a r t i a l d i f f e r e n t i a l equations using f i n i t e element procedures the f i e l d is i n general a r t i f i c i a l l y terminated a t the boundary of the mesh with e i t h e r a D i r i c h l e t o r Neumann boundary condition. This can r e s u l t i n l a r g e e r r o r s i f the f a l s e termination of the f i e l d is s t r o n g l y coupled to the regions of i n t e r e s t .
Several methods of overcoming t h i s l i m i t a t i o n have been developed. A boundary i n t e g r a l method141 o r boundary Galerkin method151 can be applied t o t h e f a l s e boundary o r a ballooning technique161 could be used. The ballooning technique uses r e c u r s i v e generation of s i m i l a r r i n g s of elements around t h e problem space and t h e degrees of freedom so created a r e condensed out of the system of equations. This technique and t h e boundary i n t e g r a l method, both produce coupling between a l l degrees of freedom associated with the boundary and hence c r e a t e a dense block i n the f i n a l system matrix. Another a l t e r n a t i v e i s t o use an element i n t h e e x t e r i o r which extends from the boundary of the mesh to i n f i n i t y l 7 1 , these a r e u s u a l l y c a l l e d ' i n f i n i t e elements'. Various decay functions may be s e l e c t e d i n order t o aproximate the v a r i a t i o n from the boundary to i n f i n i t y , the most commonly used functions a r e e i t h e r r e c i p r o c a l , exponential o r orthogonal polynomial/7,8/. The advantage of t h i s approach over the others is t h a t the system matrix does not contain a densely populated block connecting t h e nodes on t h e boundary. Its disadvantage is t h a t the decay function must be c l o s e l y r e l a t e d to the a c t u a l decay i f l a r g e e r r o r s a r e not t o be produced.
-EDDY CURRENTS
There have been e x c i t i n g developments i n the c a l c u l a t i o n of eddy c u r r e n t s . I n two space dimensions boundary i n t e g r a l methods have been extended to include formul a t i o n s capable of modelling eddy c u r r e n t s / 9 / . I n t h r e e dimensions vector p o t e n t i a l o r e l e c t r i c f i e l d s o l u t i o n s have been d i r e c t l y coupled t o s c a l a r p o t e n t i a l s f o r t h e a r t e r i o r spacellO/. Uniqueness has been demonstrated f o r the v e c t o r p o t e n t i a l s / l l / , with a d e f i n i t e implied gauge/l2/, providing t h i s formulation is only used i n s i d e conducting regions. Such methods minimise the number of unknowns required a t each d i s c r e t i s a t i o n point and a l s o avoid t h e c a n c a l l a t i o n problems inherent i n other techniques/l3/.
The e l e c t r i c f i e l d and vector p o t e n t i a l approaches a r e very s i m i l a r / l 4 / , i t is not y e t c l e a r which of them w i l l be best f o r t r a n s i e n t s o l u t i o n s .
The most successful methods t h a t a r e now a v a i l a b l e a r e based on coupled network formulations/l5/.
These methods have been g r e a t l y extended and now use networks based on t e t r a h e d r a , t h i s makes the modelling of r e a l devices much more s t r a i g h tforward. Two o t h e r developments a r e p a r t i c u l a r l y i n t e r e s t i n g ; eddy c u r r e n t s o l u t i o n s using coupled f i n i t e elements and boundary elements/l6/, where s p e c i a l f i n i t e elements f o r v e c t o r f i e l d s a r e used; f i n i t e d i f f e r e n c e s o l u t i o n s , which have been developed and refined to give very good r e s u l t s / l 7 / .
-FORCES
The f o r c e s associated with electromagnetic f i e l d s a r e i n many cases the primary motive f o r t h e design of the device o r they a r e a c o n s t r a i n t on the design. T h i s i s unfortunate because i t is p a r t i c u l a r l y d i f f i c u l t to r e l i a b l y compute the f o r c e s . I n a l l methods any e r r o r i n t h e f i e l d s is enhanced i n computing the f o r c e s . The methods of computing f o r c e s a r e , v i r t u a l work/l8/; body f o r c e i n t e g r a t i o n / l 9 / ; Maxwell s t r e s s i n t e g r a t i o n l l 8 1 ; change i n s t o r e d energy.
I t has been shown t h a t v i r t u a l work c a l c u l a t i o n s become, i n the l i m i t of small elements, equivalent t o Maxwell s t r e s s i n t e g r a t i o n .
Body f o r c e i n t e g r a t i o n i s s u b j e c t to l a r g e e r r o r s because t h e e x t e r n a l f o r c e s on components may be many times smaller than t h e i n t e r n a l forces t h a t a r e balanced by s t r e s s e s i n t h e component. I n a s i m i l a r way a s u r f a c e i n t e g r a t i o n of the Maxwell s t r e s s tensor of t e n r e s u l t s i n nearly balancing p o s i t i v e and negative contributions. V i r t u a l work has t h e same problem and c a l c u l a t i o n s based on a c t u a l displacements of o b j e c t s a r e very inconvenient. Figure 6 : The f l u x d i s t r i b u t i o n f o r a p a i r of i n f i n i t e l y long p a r a l l e l conductors c a r r y i n g equal and opposite c u r r e n t s , with an i r o n bar s l i g h t l y o f f s e t from the c e n t r e .
The e r r o r s t h a t w i l l occur a r e very dependent on the problem being s o l v e d , v e r y a c c u r a t e answers a r e easy t o obtain i f t h e r e is no c a n c e l l a t i o n i n the i n t e g r a l s , f o r example, computing the f o r c e between a c u r r e n t carrying c o i l and an i n f i n i t e h a l f plane. Figure 6 shows a problem t h a t is p a r t i c u l a r l y d i f f i c u l t to solve.
This i s a two dimensional s e c t i o n through a p a i r of conductors carrying equal and opposite c u r r e n t s , s l i g h t l y displaced from the c e n t r e is an i r o n r a i l , the f i g u r e a l s o shows the f l u x d i s t r i b u t i o n . The problem i s t o compute the f o r c e on the i r o n r a i l . This can be solved very e a s i l y by computing the change i n stored energy o r by computing the r e a c t i o n on the c o i l s using t h e body force. It is p a r t i c u l a r l y d i f f i c u l t to solve by Maxwell s t r e s s i n t e g r a t i o n . The r e s u l t a n t f o r c e on the r a i l i s l e s s than 10% of the i n t e g r a t e d modulus of t h e s t r e s s tensor. For t h e r a i l t h e r e is a weak s i n g u l a r i t y i n the f i e l d near the corners; i f a p a r t i a l d i f f e r e n t i a l f i n i t e element method is used t h i s s i n g u l a r i t y i s only approximated crudely and the answers on the l e f t and r i g h t hand corners a r e very dependent on t h e l o c a l d i s c r e t i s a t i o n . Figure 7 shows the v a r i a t i o n of t h e modulus of t h e f i e l d around a half c i r c l e centred on the r a i l , with a radius such t h a t the c i r c l e passes c l o s e t o , but does not touch, the s u r f a c e of the r a i l . There is a s l i g h t l e f t to r i g h t asymmetry due to the displacement of the r a i l , but the d i s c o n t i n u i t y on the l e f t i s purely due to the l e f t t o r i g h t asymmetry of the d i s c r e t i s a t i o n . The e f f e c t s of the corner damp out quickly a s the radius of the path i s increased such t h a t p o i n t s on the path do not l i e within the bard of elements touching t h e s u r f a c e of the r a i l . This e f f e c t has a tremendous influence on the computed f o r c e s , Figure  8 shows t h e f o r c e computed by Maxwell s t r e s s i n t e g r a t i o n a s a function of t h e r a d i u s of the c i r c l e used f o r the i n t e g r a t i o n .
The expected r e s u l t was obtained using a very l a r g e number of unknowns, f r a n the body f o r c e on t h e conductors. The f i g u r e shows r e s u l t s f o r two l e v e l s of d i s c r e t i s a t i o n , i f very small elements a r e used c l o s e t o t h e s u r f a c e of the bar t h e poor modelling of the s i n g u l a r i t y does n o t a f f e c t the computed forces.
